Ishizaka and Flanagan's classic two-mass model of vocal fold motion is applied to small oscillations where the equations become linear and the aerodynamic driving force is described by an effective stiffness. The solution of these equations includes an analytic formula for the two eigenfrequencies; this shows that conjugate imaginary parts of the frequencies emerge beyond eigenvalue synchronization and that one of the imaginary parts becomes zero at a pressure signaling the instability associated with the onset of threshold. Using recent measurements by Fulcher et al. of intraglottal pressure distributions [J. Acoust. Soc. Am. 129, 1548Am. 129, -1553Am. 129, (2011.] to inform the behavior of the entrance loss coefficients, an analytic formula for threshold pressure is derived. It fits most of the measurements Chan and Titze reported for their 2006 physical model of the vocal fold mucosa. Two sectors of the mass-stiffness parameter space are used to produce these fits. One is based on a rescaling of the typical glottal parameters of the original Ishizaka and Flanagan work. The second requires setting two of the spring constants equal and should be closer to the experimental conditions. In both cases, values of the elastic shear modulus are calculated from the spring constants.
I. INTRODUCTION
Introducing a wave that propagated along the medial surface of the vocal fold and examining the motion of its center of mass in the approximation of small amplitudes, Titze 1 derived an analytic formula for the threshold pressure of the rectangular glottis, namely,
where k t is the transglottal pressure coefficient, 2, 3 B is the damping factor for motion of the vocal fold, c is the speed of the mucosal wave, L g is the glottal length (anterior-posterior direction), T is the glottal thickness (inferior-superior length of the glottal duct), and n 0 is the prephonatory glottal halfwidth. During the 1990s and earlier in this century, physical models of the vocal fold mucosa were constructed to test the predictions of this formula. [4] [5] [6] Experiments found a range of glottal half-widths for which the threshold data were consistent with the linear trend of Eq. (1) and qualitative behavior consistent with the direct dependence on the viscous damping of the vocal folds and the inverse dependence on the vocal fold thickness. However, the observed values for threshold pressure did not approach zero for any of the experiments with small glottal widths 4, 6 as required by the formula of Eq. (1).
A recent study 7 showed that the key to resolving this discrepancy lies in recognizing that the entrance loss coefficient [8] [9] [10] [11] is not constant at small half-widths but becomes large as the half-width becomes small. There it was also shown that a reasonable parameterization of this coefficient is
where the coefficients E and F are to be determined from the experiment under consideration. If the exit coefficient is assumed to be small, 12 then k t % k ent when the viscosity in the glottis is neglected, and Eq. (1) may be put into the form
which does not approach zero as the half-width approaches zero and which produces much better fits 7 to the data collected by Chan and Titze 6 in 2006 than Eq.
(1) with a constant value for k t .
The purpose of this paper is to show that the classic two-mass model of Ishizaka and Flanagan can produce a formula similar to Eq. (3) that is equally effective in reproducing the phonation threshold data collected by Chan and Titze. 6 These fits are achieved using two distinct sectors of the parameter space for oscillator stiffnesses and masses. a) Author to whom correspondence should be addressed. Electronic mail:
fulcher@bgsu.edu
One sector includes values of the stiffness and mass ratios that are the same as those of the original set Ishizaka and Flanagan 10 spoke of as typical glottal parameters. Thus it is similar in spirit to a recent approach based on a scaling factor to account for the fundamental frequency differences between men and women's voices. 13 The second sector is defined by choosing two of the spring constants equal with the aim of more closely approximating a homogeneous vocal fold cover. For both sectors of the parameter space, the connections between spring constants and the elastic shear modulus derived by Titze and Story 14 are used to calculate elastic shear moduli. The frequencies of the oscillations at phonation threshold were not given by Chan and Titze, but it was stated that these were between 100 and 150 Hz. For all of the calculations presented in the following text, it is assumed that the fundamental frequencies are 100 Hz. Thus it is possible to compare the shear moduli derived from the 2006 experiments with recent rheometer measurements of the shear moduli of vocal fold tissue 15 at this frequency.
II. ESSENTIALS OF THE TWO-MASS MODEL
The geometry of the two-mass model is shown in Fig. 1 , where the masses m 1 and m 2 and the spring constants k 1 , k 2 , and k c are identified. Thus the oscillator coordinates x 1 and x 2 obey the coupled equations of motion,
where r 1 and r 2 are the damping constants for the two oscillators, and
the aerodynamic forces driving the oscillators.
A. Glottal aerodynamics
The pressure at the glottal entrance P 1 is related to the subglottal pressure P sub by
where q is the density of air, U g is the glottal flow rate or volume velocity, A 1 is the area at the glottal entrance, and k ent is the entrance loss coefficient. [8] [9] [10] [11] The pressure at the glottal entrance is connected with the pressure at the glottal exit P 2 by the Bernoulli equation,
where A 2 is the area of the glottal exit because viscous forces within the glottis are neglected here. In many circumstances, 8, 10, 11, 16 an exit coefficient is used to describe pressure recovery, which occurs between the glottal exit and the entrance to the vocal tract. Results presented in Table II of Ref. 8, which were based on pressure distributions 17, 18 taken with the physical model M5, showed that the exit coefficients were small in comparison with the entrance loss coefficients, 12 and thus we set the exit coefficient k ex ¼ 0. If no vocal tract is present, then the pressure at the glottal exit P 2 is equal to atmospheric pressure (taken to be zero). Adding Eqs. (6) and (7) leads to the equation that determines the glottal flow rate from the subglottal pressure, the entrance loss coefficient, and the areas at the glottal entrance and the glottal exit:
where the time dependence of the areas has been made explicit. Using Eq. (8) to eliminate the factor q U 2 g in Eq. (7) yields an expression for the pressure acting on the first oscillator, viz., 
One noteworthy feature of Eq. (9) is that it depends only on the ratio of areas, and these are the same for an experiment done with a hemilarynx 6 as for one done with a full larynx. 17, 18 Thus the equations presented in the following text pertain to either a hemilarynx or a full larynx, provided that k ent is taken from the appropriate experimental source. As stated in the preceding text, the driving pressure P 2 ¼ 0 because the exit coefficient is set equal to zero. The areas in Eq. (9) are connected with the glottal length L g , the prephonatory half-width n 0 , and the oscillator coordinates x 1 and x 2 , namely,
for the hemilaryngeal geometry of the experiments in Ref. 6 . Substituting Eqs. (10) into Eq. (9) gives the following expression for the driving pressure P 1 :
where the time dependence of the oscillator coordinates has been suppressed. 
B. Small amplitude approximation
Because our interest is confined to phonation threshold, we follow Titze's lead and assume that the oscillator coordinates x 1 and x 2 are small in comparison with the prephonatory half-width n 0 . Then one can carry out an expansion of Eq. (11) in powers of x 1 =n 0 and x 2 =n 0 . Retaining only the lowest order terms yields
Substituting this into Eq. (4) and setting P 2 ¼ 0 in Eq. (5) results in the following linear forms for the equations of motion:
where
is the flow-induced stiffness [19] [20] [21] [22] of the fluid structure interaction. The effect of the flow induced stiffness is to produce linear forces that act opposite to those associated with the resoring forces of Eq. (13), and they destabilize the solutions of Eqs. (13) and (14) when they become large enough. If Eqs. (13) and (14) are divided by the masses that appear in their respective first terms, it affords an opportunity to introduce the angular frequencies, x 2 1 2 , and the damping constants c 1 ¼ r 1 =(2m 1 ) and c 2 ¼ r 2 =(2m 2 ). Searching for solutions of the form x 1 (t) ¼ a 1 e ixt and x 2 (t) ¼ a 2 e ixt yields a set of coupled equations for the amplitudes a 1 and a 2 that may be expressed in matrix form,
The requirement for a nontrivial solution of Eq. (16) is that the determinant of coefficients be equal to zero. This leads to a fourth degree algebraic equation with complex coefficients that determines the eigenfrequencies x, that is,
It will be convenient to separate x into real and imaginary parts so that (17) can be separated into real and imaginary parts, and the equations determining x r and x i take the forms,
where the damping parameters have been restricted so that c ¼ c 1 ¼ c 2 . The ratio of the amplitudes for the two oscillators may be determined from the bottom row of Eq. (16), which may be expressed
for each value of the complex eigenfrequency x the real and imaginary parts of which satisfy Eqs. (18) and (19) .
C. Below threshold
If the values of the subglottal pressure are small enough, then one can find a solution of Eq. (19) by setting the first factor in parenthesis there equal to zero so that
the solutions of which are determined by the two sets of frequencies, 6x rþ ; 6x rÀ , where
and the relationship between the amplitudes of the two oscillators is given by a real factor because
from Eq. (20) .
To illustrate the properties of the solutions of Eqs. (21) and (22), the mass and stiffness parameters are taken to be those of the typical glottal set of Ishizaka and Flanagan. 10, 13, [23] [24] [25] The glottal length L g ¼ 1.2 cm, the thickness associated with the lower oscillator d 1 ¼ 0.25 cm, n 0 ¼ 0.04 cm, and k ent ¼ 1.37, a value 9 frequently used for the entrance loss coefficient. The dimensionless damping parameter f ¼ 0.3 defines the damping parameter c by the relation c ¼ f (k 1 =m 1 ) 1/2 . The solutions of Eq. (22) as functions of subglottal pressure are shown in Fig. 2 . There the real parts of the two solutions approach each other as the subglottal pressure is increased from zero while the imaginary part retains its constant value. These two real parts become equal when the expression in the square brackets of Eq. (22) becomes equal to zero. This point determines a quadratic equation for the effective stiffness of the fluid-structure interaction /, the solutions of which are given by
The pressure at which the real parts of the frequencies in Fig. 2 become equal is determined from the smaller of the solutions of Eq. (24), and the frequencies become equal, or synchronized, 22 because both of the imaginary parts are equal to c. This pressure is 444 Pa and is indicated by two arrows in Fig. 2 . However, synchronization does not signify the onset of the threshold because each of the identical frequencies has a positive imaginary part c, which leads to damped solutions.
Increasing the subglottal pressure above the synchronization point requires a change of strategy for the solution of Eqs. (18) and (19) because the argument of the square brackets in Eq. (22) becomes negative, and thus the square root there gives a pair of conjugate imaginary values. This is not consistent with the original strategy of separating the frequency x into real and imaginary parts. To deal with pressures in this region, we require the second factor in parentheses of Eq. (19) to be zero. This requirement leads to two solutions for the imaginary part of the frequency that can be expressed in terms of the real part and other parameters, namely,
As shown in Fig. 2 , pressures above the synchronization point give rise to a pair of conjugate imaginary roots. Substituting Eq. (25) into Eq. (18) leads to a quartic equation for x r , the four solutions of which occur in pairs that may be determined from
Only the real roots 6x rþ determined from Eq. (26) are physical because the value for x 2 rÀ there is negative. The value of x rþ decreases with increasing pressure. Of more physical significance is the behavior of the conjugate imaginary parts of the roots. One of these roots increases monotonically with increasing subglottal pressure, and the other decreases monotonically. This root becomes zero at the point marked threshold pressure in Fig. 2 . Increasing the pressure beyond this value causes the imaginary part of the frequency to become negative, the signal of an exponentially growing solution, instead of a damped solution. The point at which the imaginary part of the frequency changes sign has been studied in detail by Lucero and Koenig, 13, 23, 26 who showed that it represents a Hopf bifurcation. The instability associated with this Hopf bifurcation announces the arrival of phonation threshold. This instability of the linearized equations of motion [Eqs. (13) and (14)] is absorbed by nonlinear terms in more general treatments of phonation that lead to stable oscillations and limit cycles. These nonlinear terms arise from the nonlinear factors in the pressure expression of Eq. (11), nonlinear additions to the spring forces, and the forces associated with vocal fold collisions.
D. Determination of threshold pressure
The threshold pressure is determined from Eqs. (18) and (19) by setting x i ¼ 0. Then Eq. (19) requires the real part of the frequency and the flow-induced stiffness / À to be connected by the equation,
Substituting this expression into Eq. (18) gives a quadratic equation for the flow-induced stiffness at which x i ¼ 0, that is, the flow-induced stiffness that determines the phonation threshold pressure. The threshold pressure is determined from the smaller solution of the flow-induced stiffness equation, which takes the form,
Equation (28) yields a value / -¼ 91 400 g/s 2 for the parameters used in Fig. 2 . Using Eq. (15) to express the threshold pressure in terms of / À gives
which yields P th ¼ 835 Pa for the parameters of Fig. 2 . It is interesting to note the behavior of the threshold pressure as the damping parameter f is decreased from its value used in Fig. 2 . This lowers the height of the x imagþ/À line there above zero. It has no effect on the location of the synchronization pressure because the expression for the effective stiffness of the fluid-structure interaction in Eq. (24) makes no reference to c. However, lowering the value of c does move the point of intersection of the curve x imagÀ with the horizontal axis closer to the synchronization pressure; this means that the threshold pressure decreases. If there is no damping (c ¼ 0), then the threshold occurs at the synchronization pressure because the x imagþ/À line for pressures below synchronization becomes the horizontal axis in this case, and the curve for x imagÀ gives a negative value for any pressure above the synchronization pressure.
Results for the oscillator coordinates as functions of time are presented in Fig. 3 . These were obtained from the numerical solution of Eqs. (13) and (14) . It is straightforward to verify that the results of Fig. 3 agree with the analytic formulas presented in the preceding text. For example, substituting the value of / À obtained from Eq. (28) into Eq. (27) gives x r ¼ 845.1 rad/s. This value agrees with that determined from the time difference between the third and the eighth peak for x 2 (t) in Fig. 3 
when x i ¼ 0, and thus the phase shift between the two oscillators is given by
Equation ( . Equation (30) predicts the ratio of the magnitude of the two maxima in Fig. 3 to be 0.729. Both the phase and the magnitude of the ratio of the two amplitudes a 1 and a 2 agree with those inferred from the numerical results presented in Fig. 3 .
III. RESULTS FOR THRESHOLD PRESSSURES
Substituting the parameterization of Eq. (2) for the entrance loss coefficient into Eq. (29) yields
(32) makes it clear that the slope and intercept of a linear fit to the glottal half-width dependence of the threshold pressure are sensitive to the parameters of the twomass model only through the combination of these parameters embodied in the expression for / À given by Eq. (28). Thus one might expect that the parameters of the two-mass model represent more freedom than required to give a reasonable fit to any given set of the phonation threshold data collected by Chan and Titze. 6 Nevertheless one consequence of our treatment of the two-mass model is apparent from the numerator of Eq. (32), where both the slope and the intercept are directly proportional to / À. An increase in / À means both a larger slope and a larger intercept. Failure to find such a correlation between the slope and the intercept in phonation threshold data would indicate that Eq. (32) is too great a simplification to account for the observed trends in the data.
The first decision to be made when trying to compare with the data of Chan and Titze is how to determine the entrance loss parameters E and F. Because their experiments were based on a hemilaryngeal geometry instead of the symmetric geometry of model M5, one would expect these parameters to be different from those of Ref. 8 . However, the large glottal width behavior of the entrance loss coefficients reported there is not much different from unity, and thus we choose F ¼ 1.0 for all of the calculations reported here. We will further assume that the entrance loss coefficient is determined mainly by the geometry, and hence the value of E will be taken as the same for all of Chan and . To fit the 0.1% hyaluronic acid data requires a larger value of / À , which produces a larger intercept and a larger slope, both of which seem consistent with the data. Figure 5 shows the results of adding fibronectin to a 0.01% concentration of hyaluronic acid. There it is seen that fibronectin increases the threshold pressure for each glottal width. Such an increase requires a larger value of / À as shown by the higher dashed line of Fig. 5 . As discussed in the preceding text, an increased value of / À requires a larger intercept and a steeper slope, and both of these features seem to be present in the data. Figure 6 shows the results of adding fibronectin to a 0.1% concentration of hyaluronic acid. There it is seen that the threshold pressure at each half-width is increased by adding fibronectin. In an attempt to accommodate these increases, the value of / À is raised by about 30%. Thus the intercept of the dashed fibronectin line is about 30% larger than the dashed line for no fibronectin. However, this increase in / À also increases the slope by 30%, a trend not consistent with the data. Because this is the only clear discrepancy reported between our calculations and the experiments done by Chan and Titze, it might be worthwhile to consider some additional measurements with the 0.1% hyaluronic acid with fibronectin implant. If further experiments confirm this discrepancy, then it would represent a substantial challenge to our approach to the two-mass model.
The 1995 experiments done by Titze, Schmidt, and Titze 4 were done with a different apparatus. Instead of implanting biomechanical materials under the silicone membrane as Chan and Titze did, the physical model of the vocal fold mucosa was designed so that fluids could circulate under the silicone membrane. Threshold pressures were reported for water and water with two concentrations of sodium carboxymethyl cellulose (CMC) powder (to change the viscosity of the fluid) as shown in Fig. 7 . These data show the predicted linear increasing trend for half-widths of 0.10 cm or greater. However, there is an increase with decreasing half-width at smaller half-widths, contrary to the trends expected from either Eqs. (3) or (32). Titze, Schmidt, and Titze noted this inconsistency with their expectations and suggested that the upward trends at small half-widths were a consequence of collisions between the oscillating membrane and the opposing Plexiglas wall. This situation was explored further in Ref. 7 , where Lucero's suggestion 27 of using Poiseuille's approach to describe viscous effects of the flowing air within the glottis to explain the upward trends was analyzed. There it was shown that Poiseuille's approach to viscous effects should also lead to upward trends in Chan and Titze's 2006 measurements at small glottal widths. Because no such upward trends were reported in the 2006 experiments, it was concluded that collisions with the opposing Plexiglas wall were a more likely explanation of the upward trends of Fig. 7 than viscous effects. The implication of this conclusion is that one would not expect calculations based on the linearized equations [Eqs. (13) and (14)] to apply to the anomalous small width behavior of the data in Fig. 7 because these equations do not include any collision effects.
Because the experimental setup 28 for the 1995 experiments was different from that of Chan and Titze, one would expect different values for the parameters E and F. Again F is taken to be 1.0 and E ¼ 0.517 cm for all of the 1995 experiments. The values for / À in Fig. 7 are considerably larger than those required for the calculations of Figs. 4-6 , a consequence of higher threshold pressures. It is worth noting that these larger values of / À lead to steeper slopes in addition to larger values for the magnitudes of the threshold pressures in the linear regime and that both of these trends are readily accommodated by a single parameter / À for each experiment. In the next section, we show that one can fit all of the linear trends of Fig. 7 with the same value of the elastic shear modulus but with different values of the damping parameters f, as indicated in Fig. 7 . One might expect this to be true for the 1995 experiments because each experiment used the same silicone membrane, which presumably accounted for most of the shear properties, but different fluids, the viscosities of which would probably have a greater influence on the damping parameters than on the elastic shear properties.
IV. SPRING CONSTANTS AND ELASTIC SHEAR MODULI
Before outlining the strategies used to connect the observed threshold pressures of Figs. 4-7 to the appropriate values of the elastic shear moduli, it will be convenient to rewrite Eqs. (27) and (28) in terms of the spring constants, masses, and damping parameter using the definitions following Eq. (15) and the connection between c and f listed above Eq. (24) . Thus
According to the analysis presented by Titze and Story, 14 the spring constant k 1 is connected with the elastic shear modulus of the cover G 0 by the equation,
where D is the depth of the oscillating mass in the 1995 and the 2006 experiments. Our goal of writing Eqs. (33) and (34) in terms the elastic shear modulus G 0 , the depth of oscillating mass D, and the damping parameter f requires ratios for the spring constants k 1 , k 2 , and k c and the masses m 1 and m 2 . The first strategy chosen is based on the same choice of these ratios as those of the set of typical glottal parameters listed in (34) take the forms,
Using Eq. (35) for the spring constant k 1 and the connection between m 1 and the average density q of the oscillating mass, namely, m 1 ¼ q L g T D, Eqs. (36) and (37) may be expressed as
Assuming that the fundamental frequency for each of the threshold measurements in Figs. 4-6 is 100 Hz and using the values of the effective stiffness / À presented there, one may calculate the depths of the oscillating masses and the elastic shear moduli listed in Table I . The results for D and G 0 listed in columns 3 and 4 were obtained with f ¼ 0.1, and those in columns 5 and 6 were obtained with f ¼ 0.2. Because each of the depths D listed in Table I is several times the thickness of the silicone membrane (70 lm ¼ 0.0070 cm), in retrospect it seems reasonable to use a value of q (1.02 g/cm 3 ) close to that of the vocal fold cover. 6 On the other hand, the Equations (38) and (39) may also be used to calculate depths of the oscillating mass and elastic shear modulus for each of the values of / À listed in Fig. 7 , again assuming that the fundamental frequency of oscillation to be 100 Hz. In fact, it was possible to account for all of the linear trends in Fig. 7 with the same value of the elastic shear modulus (88.4 Pa) and different values of the damping parameter f as summarized in Table II . This choice is motivated by the consideration that it would seem more likely for an increase in the viscosity of the fluid flowing under the silicone membrane to change the damping parameter than the shear modulus. The values of D listed in Table II are reasonable 
where b is the mass ratio m 2 =m 1 . Minimizing / À with respect to k c determines a ratio of k c to k 1 , that is,
From the argument of the square root factor in Eq. (40), it is clear that the choice of equal masses m 1 and m 2 , (b ¼ 1) is not an option because the argument of the square root factor then becomes 4 f 2 (f 2 À 1), which is negative for f < 1. Thus an important requirement for the validity of the homogeneous strategy is that the mass of the upper oscillator of the physical model be greater than that of the lower oscillator.
A choice of b also requires a recalculation of / -, because one would expect the ratio of d 1 to d 2 to be proportional to the mass ratio. The elastic shear moduli for hyaluronic acid compounds do not seem to have been measured for phonatory frequencies. Nevertheless, it is worthwhile to compare the predictions in Table III with recent measurements 15 at 100 Hz of several human vocal fold cover specimens. In Fig. 12 of Ref. 15 , these rheometer measurements give values between about 220 and 500 Pa, and thus these measurements are more than an order of magnitude higher than the values listed in Table III . To consider whether this order of magnitude difference is reasonable, it is instructive to examine two sets of measurements done at 10 Hz. Chan and Titze 29 reported rheometer measurements of the human vocal fold mucosa at this frequency for 10 male subjects. Their results ranged from about 25 Pa to about 700 Pa (Fig. 9 of Ref. 29). These were at least an order of magnitude larger than some measurements of the elastic shear properties of a 0.01% concentration of HA and a 0.1% concentration of HA (about 1.5 and 3 Pa, respectively) reported in Fig. 1 of Ref. 30 . Moreover, the ratio of the 0.1% case to the 0.01% case is about a factor of 2, which is close to this ratio in Table III The frequency is assumed to be 100 Hz, and the damping parameter f is taken to be 0.1. 
V. CONCLUSIONS
Although much of the previous work with Ishizaka and Flanagan's two-mass model has been based on the assumption that the entrance loss coefficient is a constant, this assumption is not necessary. Such an assumption has the consequence that the phonation threshold pressure is required to approach zero as the glottal half-width becomes very small. This prediction is not consistent with Chan and Titze's 2006 measurements, 6 where the linear trend of the threshold pressure data clearly does not approach zero. As shown in our earlier work with Titze's surface wave model, 7 the key to resolving this discrepancy is to introduce a parameterization of the entrance loss coefficient that includes an inverse dependence on the glottal half-width. It is shown that this parameterization may be readily incorporated into the two-mass model of Ishizaka and Flanagan.
With the new parameterization, one can obtain an analytic formula for the threshold pressure [Eq. (32)], which enjoys considerable success in accounting for the threshold pressures taken in the 2006 experiments that Chan and Titze did with biomechanical materials implanted under the silicone membrane of their physical model of the vocal fold mucosa. In particular, the formula gives a good account of the threshold pressures for the 0.01% and 0.1% hyaluronic acid implants (Fig. 4) and also for the case where fibronectin was added to the 0.01% implant (Fig. 5) . The only serious discrepancy is the case of the fibronectin implant with 0.1% hyaluronic acid, where the increase of the threshold pressure with glottal halfwidth is considerably less than the slope of the line calculated with the analytic formula of Eq. (32) (Fig. 6) . It was explained that this failure might potentially be a shortcoming of the approach to the two-mass model employed here because the connection between larger intercept and larger slope given by Eq. (32) is intrinsic to the formulation of the two-mass model described in Secs. II and III. Perhaps more data collected in this case might ameliorate the disagreement between calculations and experiment, but if the discrepancy persists, more sophisticated modeling may be called for. [20] [21] [22] 25 It is also shown that the treatment of the two-mass model described here gives a satisfactory explanation of the 1995 threshold pressures (Fig. 7 ) measured by Titze, Schmidt, and Titze above glottal half-widths of 0.1 cm, where the linearized equations of motion are expected to apply [Eqs. (13) and (14)].
Several analytic formulas are derived for the frequencies of the oscillations from the linearized equations of motion for the two oscillators. Using parameters typical of those defined in the classic paper of Ishizaka and Flanagan, 10 the eigenfrequencies are shown to synchronize at a value of the subglottal pressure around 440 Pa when f 0 ¼ 0.04 cm. About 400 Pa above the synchronization pressure, the imaginary part of one of the eigenfrequencies crosses the axis and becomes negative, which signals the advent of threshold. An analytic formula is derived for the effective stiffness of the fluid-structure interaction at which this imaginary part crosses the axis [(Eq. (28) Two strategies are implemented to connect the spring constants, masses, and damping constants required to explain the experiments with potentially observable quantities, such as, the elastic shear modulus [Eq. (35), which comes from Ref. 14]. One of these is modeled on the same ratios as the set of typical glottal parameters used by Ishizaka and Flanagan, and it is described as a scaled IF72 approach. The second strategy is based on the assumption k 1 ¼ k 2 , which is appropriate for a more homogeneous vocal fold cover. It is expected that results from this strategy should be closer to the actual situation with the 2006 experiments by Chan and Titze because they spread the biomaterial under their silicone membrane evenly along the axial direction. The depths of the oscillating mass with both strategies seem reasonable because they are several times the thickness of the silicone membrane. Predictions for the elastic shear moduli of the biomechanical implants used in the 2006 experiments (Table  III) tend to be more than an order of magnitude below recent measurements of human vocal tissue at 100 Hz. This finding may be reasonable because a comparison of measurements at a lower frequency suggests there may be an order of magnitude difference for the elastic moduli of hyaluronic acid implants and human vocal fold tissue. Because the shear rheometer described in Ref. 15 represented a considerable technological advance, it may soon be possible to do measurements that will test the predictions of Table III .
The equations described in Sec. IV make it clear that one can predict the phonation threshold pressure of models of the vocal folds given their elastic shear moduli, the frequency at which the observation is to be made, and the geometric parameters describing the vocal folds. Since Klemuk et al. 31 have recently reported measurements of the elastic shear moduli of nine injectibles at a range of frequencies from 0.1 to more than 1000 Hz, one might employ the formalism of Sec. IV to obtain predictions of the phonation threshold pressure for vocal fold models made of a given injectible material. Such a follow up calculation is planned, and it will be interesting to compare the results with those reported in Ref. 31 the results of which were based on the surface wave model formulas of Ref. 6. 
